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Abstract5

Many biological and ecological systems are observed through population snapshots rather than tracked6

trajectories, yielding a pooled mixture of snapshot distributions with no per-observation time label. For linear7

Gaussian stochastic differential equations (SDEs), we show that pooled moments determine the parameters8

locally for almost every parameter value, and for general snapshot families we give conditions under which the9

pooled law identifies the dynamics globally. Building on this, we propose a population-matching algorithm10

that bypasses time recovery entirely, fitting dynamics by minimizing a discrepancy between the observed11

pooled distribution and the pooled distribution simulated under the candidate parameters. On linear SDEs,12

we compare against a Gaussian hidden-assignment baseline that alternates between soft time-label recovery13

and parameter fitting via expectation–maximization (EM); direct population matching is more stable, con-14

firming recovery in identifiable regimes and the predicted failure under temporal aliasing. We extend the15

direct method to interacting particle systems, where snapshot densities lack closed form, and to real single-16

cell gene-expression data, recovering regulatory rankings without per-cell stage labels. In both, it attains17

accuracy better than or at least competitive with baselines using temporal information, suggesting that time18

may not need to be an inferential target for learning dynamics.19

1 Introduction20

Agent-based models describe collective biological and ecological behavior through local rules acting on individual21

cells, particles, animals, or organisms [10]. These local rules determine the drift, diffusion, and interaction terms22

of the population flow, and estimating them is often the scientific goal. In single-cell biology, the learned flow can23

reveal regulatory interactions that drive transitions between cell states [32]. In animal movement and ecological24

systems, it can quantify migration tendencies, attraction or avoidance, and responses to environmental cues [13].25

More broadly, a learned dynamical model supports prediction, perturbation analysis, and downstream decision26

making.27

However, the observations available in these systems often do not take the form of complete trajectories. Temporal28

information can be missing in two distinct ways. First, individual trajectories may be unavailable: one observes29

each cell, particle, or animal only once, or loses identity across frames, so that observations cannot be matched30

into complete histories. Second, the sampling time itself may be unavailable or unreliable: even if one observes31

a collection of agents, one may not know where each observation lies along the relevant biological or behavioral32

clock. These two forms of missing temporal information often occur together. In destructive assays, such as many33

single-cell measurements, one observes a population of asynchronous cells distributed across different stages of34

an unobserved biological process, with each cell measured only once. In such data, the relevant time is each cell’s35

intrinsic progression along the process; the observed collection time need not specify it and should be regarded36
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as a surrogate for that progression [34]. In ecological surveys based on indirect traces, such as footprints, scat,37

or other field evidence, the observation may record that an animal visited a location before the survey, but the38

precise visit time and the identity of the animal may be unknown. These settings motivate inference at the level39

of population snapshot laws pooled across time, where methods that require known time-indexed marginals or40

well-matched time series across frames are not directly applicable.41

In this work, we focus on the case in which both individual trajectories and per-observation time labels are42

unavailable. We model the local stochastic rules by stochastic differential equations, so that a parameter θ43

determines a family of time-indexed population laws representing the distribution of agents at different stages of44

the process. Such systems serve as tractable continuous surrogates for agent-based models [22], and we restrict to45

this setting to enable theoretical analysis. The data are pooled samples from this evolving family of laws, but the46

time label of each sample is unobserved or unreliable. The goal is to recover the governing parameter θ from the47

aggregated population, rather than to assign a “pseudotime” to each observation, a standard approach adopted48

by modern computational biology practice [29]. Thus the hidden temporal assignment is a nuisance variable.49

This perspective is also motivated by gene regulatory network (GRN) inference, which seeks to determine, from50

gene-expression data, which genes influence the rate of change of which others. These regulatory interactions51

govern how expression evolves along each cell’s unobserved intrinsic time. Benchmarking studies have highlighted52

limitations of reconstructed pseudotime in capturing this temporal progression [24], and found that methods not53

requiring pseudotime ordering were generally more accurate [26]. We therefore consider the central question:54

when and how can one learn dynamics without first learning the per-observation time labels?55

Related work We review existing work on learning dynamical system parameters according to the type of56

temporal information assumed.57

Trajectory methods. There is an extensive literature on methods based on trajectory data, requiring each in-58

dividual to be observed multiple times at known time points. To name a few, these include neural ordinary59

differential equations (ODEs) [6], sparse identification via SINDy [5], and estimation of interaction kernels from60

particle trajectories [21], the last of which additionally requires velocity or other observables beyond position. In61

contrast, the pooled-snapshot setting removes both requirements: individuals are observed only once and their62

observation times are unknown.63

Temporal-snapshot methods. A second line of work assumes temporally ordered population snapshots. APPEX [12]64

and nn-APPEX [11] estimate drift and diffusion from temporal marginals with identifiability guarantees. A par-65

allel literature in computational biology, such as SINCERITIES [25] and OTVelo [40], infers gene regulatory66

networks from time-stamped single-cell expression profiles. These methods do not require complete individual67

trajectories, yet observations must still be grouped into temporally ordered populations at known times. An68

illustration of such a regime can be found in the top left panel of Figure 1.69

Static population methods. A third line learns dynamics from long-time invariant or occupation measures [4, 36,70

39], requiring statistical equilibrium. StationaryOT [38] recovers a flow field from steady-state data given known71

source and sink terms. Neither class addresses the transient pooled-snapshot setting where the population law72

is still evolving and no equilibrium structure is assumed.73

Non-static and missing-time methods. A highly relevant and emerging line of work targets the challenging74

case where both trajectories and per-sample observational times are unknown. Zeng et al. [37] reconstruct75

deterministic ODEs from time-label-free data, treating the missing time parametrization as a reconstruction76

target. Wei and Lu [33] learn potentials of interacting particle systems from unlabeled snapshots via a trajectory-77

free loss based on the weak-form stochastic evolution equation. Our setting differs in that the hidden time78

assignment is treated as a nuisance variable rather than a reconstruction target, and we additionally provide79

identifiability guarantees for the pooled inference problem under suitable conditions.80
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Contributions This paper studies inference of dynamics from pooled population snapshots when individual81

observation times are hidden. Our central message: under conditions of identifiability, recovering each sample’s82

latent time may not always be necessary, since dynamics can be learned by matching population laws directly.83

(i) We formulate pooled-snapshot inference as an inverse problem and propose a population-matching estima-84

tor based on characteristic-kernel maximum mean discrepancy (MMD) [9], which recovers the dynamics85

whenever the pooled forward map is identifiable.86

(ii) We prove that for linear Gaussian stochastic differential equations (SDEs), pooled moments of bounded87

degree determine the drift and diffusion locally for almost every parameter, without recovering time labels88

(Theorem 2.5). For general snapshot families, we give a conditional global result: mixture identifiability,89

nonrecurrence of the snapshot curve, and trajectory identifiability together recover the dynamics from the90

pooled law (Proposition 2.6).91

(iii) Numerically, on linear systems we compare against a Gaussian hidden-assignment expectation–maximization92

(EM) baseline and find direct matching more stable, particularly as snapshots overlap or approach recur-93

rence. On interacting particles and real single-cell gene-expression data, the method attains competitive94

accuracy without per-observation time labels.95

2 Pooled snapshot laws and parameter identifiability96

This section defines the observational model considered in this manuscript, and analyzes when a pooled law97

determines the underlying dynamics. Figure 1 summarizes our setup and the logical structure of this section.98

We begin by introducing an observational model under which time labels are hiddenin Section 2.1. We show that99

for linear Gaussian SDEs, the pooled law gives local identifiability in Section 2.2, and give a conditional global100

result for general families in Section 2.3. Finally, Section 2.4 discusses the practical implications for parameter101

inference given finite samples.102

2.1 Observation model103

Let Xi ∈ Rd denote the observed state of one agent, recorded at a sampling time Ti ∈ [0, tmax], and let ρθt denote104

the distribution of the state at time t under model parameters θ, a probability distribution on Rd. We work105

under the following structural assumptions.106

Assumption 2.1 (Observation model). The following quantities are known.107

(a) Initial law. The initial population law ρ0= ρθ0 is known and independent of the unknown parameter θ.108

(b) Time marginal. The sampling times Ti have a known marginal distribution ν on [0, tmax]. In the continuous109

idealization, we focus on a uniform distribution over the time interval [0, tmax]:110

T ∼ U(0, tmax).111

The realized time label of each individual observation is not observed.112

(c) Empirical approximation. The empirical measure113

ρ̂N =
1

N

N∑
i=1

δXi
114

approximates the data-generating pooled law P∗ = G(θ0) =
∫
ρθ0t ν(dt) in the sense that ρ̂N

w−→ P∗ as115

N →∞, where ν is the known sampling-time marginal, and θ0 is the unknown true parameter, for example116

when the observations are independent draws from P∗.117

3



Here δx denotes a unit point mass at x, and weak convergence means convergence of integrals against bounded118

continuous test functions. Under this model, conditional on its latent sampling time Ti = t, an observation is119

drawn from the model-implied population law ρθt . Thus the continuous pooled law is120

121

G(θ) =

∫ tmax

0

ρθt ν(dt), which is
1

tmax

∫ tmax

0

ρθt dt when T ∼ U(0, tmax). (2.1)122

123

The observed law is a mixture of the model-implied snapshot laws, with no time label attached to any sample.124

The data consist of N pooled observations X1, . . . , XN from the population at unknown times. The latent times125

are nuisance variables; the inferential target is θ0, not the assignment of observations to times.126

The question is whether:127

G(θ) = G(θ′) =⇒ θ = θ′. (2.2)128

The parameters are globally identifiable on a parameter set if equation (2.2) holds for all pairs in the set of129

possible parameter values, and locally identifiable at θ if it holds for all θ′ in some neighborhood of θ.130

Remark 2.2 (Known initial population distribution). The initial population distribution is treated as known in131

the identifiability results as stated in Assumption 2.1(a). In the global argument of Section 2.3, it orients the curve132

of snapshot distributions (Remark 2.8). In practice, the initial distribution can often be characterized without133

per-observation time labels: in single-cell settings, progenitor cell types at the start of a differentiation process134

can be identified by known marker genes, while in ecological movement studies, the initial spatial distribution135

of animals can be estimated from habitat surveys prior to the observation period. Such estimates are subject to136

sampling error and uncertainty in population selection. We examine sensitivity to the supplied initial distribution137

through numerical experiments in Appendix B.138

Figure 1: Summary of the observational model considered in this work (left) and the theoretical contribution to the

parameter identifiability (right).
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Remark 2.3 (Sampling-time distribution). The assumption of uniform time marginal, as stated in Assump-139

tion 2.1(b), can also be understood as a choice of temporal coordinate. If the sampling-time distribution has a140

continuous, strictly positive density, the transformed time u = Fν(t) is uniformly distributed on [0, 1], where Fν141

is its cumulative distribution function. Expressing the dynamics in this coordinate leaves the pooled distribution142

unchanged. Thus, at the level of general SDEs, a nonuniform sampling distribution can be absorbed into the143

temporal parameterization of the dynamics. The transformed drift and diffusion may, however, depend explic-144

itly on time, so the uniform-sampling assumption remains a restriction for the time-homogeneous linear family145

considered in our main theorem.146

2.2 Local identifiability for linear Gaussian dynamics147

For an analytically tractable case study, we now specialize to the linear Gaussian SDE of d dimensions (d ≥ 1).148

Under149

dXt = (AXt + b) dt+Σ dWt, D = ΣΣ⊤, (2.3)150

with Gaussian initial condition X0 ∼ N (m0, C0), C0 ≻ 0, each snapshot law is Gaussian, ρθt = N (mθ(t), Cθ(t)),151

with moments satisfying152

ṁt = Amt + b, Ċt = ACt + CtA
⊤ +D. (2.4)153

The parameter of interest is θ = (A, b,D). HereWt is standard Brownian motion, and D is the constant diffusion154

covariance matrix. The notation C0 ≻ 0 means that C0 is symmetric positive definite. Different matrices Σ can155

give the same D = ΣΣ⊤, so we identify D rather than Σ.156

Our argument uses the principle behind the method of moments: different parameter values can be distinguished157

through the moments of the distribution they generate. Here, we use moments of the pooled observations,158

which do not require individual time labels. Although each snapshot distribution is Gaussian, their pooled159

mixture generally is not, so moments beyond the mean and covariance can carry additional information about160

the dynamics. For example, in one dimension, write mθ(t) and vθ(t) for the mean and variance at time t,161

generated by parameter θ. The first three moments of the pooled observation are:162

Eθ[XT ] =

∫
mθ(t) ν(dt),

Eθ[X
2
T ] =

∫ (
mθ(t)

2 + vθ(t)
)
ν(dt),

Eθ[X
3
T ] =

∫ (
mθ(t)

3 + 3mθ(t)vθ(t)
)
ν(dt).

(2.5)163

All three are properties of the pooled law and require no individual time assignments. In higher dimensions,164

mixed moments similarly contain information about relationship between coordinates. Their total degree is the165

sum of the exponents; for example, E[X2
1X2] is a moment of total degree three, with subscripts here denoting166

state coordinates. The following regularity fact ensures that the moments used below are well defined.167

Lemma 2.4 (Regularity of the moment curve). Under Assumption 2.1(a) and model (2.3), t 7→ (mθ(t), Cθ(t))168

is real-analytic on [0,∞), and on [0, tmax]:169

(a) supt ∥mθ(t)∥ <∞ and supt ∥(ṁθ(t), Ċθ(t))∥ <∞;170

(b) Cθ(t) ≻ 0 for every t ≥ 0, and there exist 0 < s1 ≤ s2 < ∞ with s1I ⪯ Cθ(t) ⪯ s2I for all t ∈ [0, tmax].171

Here B ⪯ C means that C −B is positive semidefinite, and I is the identity matrix.172

Every pooled polynomial moment is finite and depends real analytically on θ = (A, b,D). The proof is in173

Appendix A.1.174
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Theorem 2.5 (Local identifiability for linear Gaussian SDEs). Consider model (2.3) with X0 ∼ N (m0, C0),175

C0 ≻ 0, and let T ∼ U(0, tmax). On the parameter space:176

Θd = Rd×d × Rd × Sd++, Sd++ := {D ∈ Rd×d : D = D⊤, D ≻ 0},177

the parameters θ = (A, b,D) are locally identifiable from the pooled law for Lebesgue-almost every θ. Specifically,178

outside a set of Lebesgue measure zero, the pooled moments of total degree at most 4d − 1 uniquely determine179

each θ within a neighborhood Vθ:180

θ′, θ′′ ∈ Vθ, G(θ′) = G(θ′′) =⇒ θ′ = θ′′.181

182

Idea of the proof It suffices to show that the pooled moments of degree at most 4d − 1 distinguish nearby183

parameters. By the inverse function theorem, this holds wherever no nonzero perturbation (δA, δb, δD) leaves all184

of these moments unchanged to first order, that is, wherever their Jacobian has full column rank. Because the185

moments depend analytically on the parameters, full rank at a single parameter implies full rank outside a set of186

measure zero [23]. The proof therefore reduces to checking full rank at one convenient parameter (Appendix A.2).187

188

In one dimension, the calculation follows directly from the first three moments in (2.5). We give an explicit189

point at which their Jacobian determinant is nonzero, starting from a noise-free model with C0 = 0 and D = 0.190

Continuity and an invertible change of variables then give a full-rank point with positive diffusion and any191

prescribed Gaussian initial law with C0 ≻ 0, as required in our main setup. In higher dimensions, computing the192

Jacobian explicitly becomes infeasible. Instead, we use test polynomials to show that a parameter perturbation193

leaving all the specified pooled moments unchanged to first order must itself vanish, again at a noise-free model.194

The same continuity and change-of-variables argument then extends the construction to the setting of the theorem195

(Appendices A.3–A.5).196

2.3 A general occupation-measure argument197

The local identifiability result uses the explicit Gaussian moment equations to identify the dynamical parameters198

directly. For general dynamical systems, such a direct argument may not be available. We therefore give a general199

sufficient condition based on mixture identifiability: if the pooled distribution determines the distribution of200

snapshot distributions contributing to it, we can recover their temporal evolution under the assumptions below.201

202

We describe each snapshot distribution by a parameter z that specifies its full probability distribution, denoted203

by ρz. Let M be the space of possible values of z. In the one-dimensional Gaussian example, a snapshot is204

specified by its mean and variance:205

z = (m, v), M = R× (0,∞), ρz = N (m, v).206

Thus M consists of all possible mean–variance pairs. In d dimensions, z = (m,C), M = Rd × Sd++, and207

ρz = N (m,C). For other distribution families, z must likewise specify the full distribution; a mean and covariance208

alone need not suffice.209

As the population evolves, its distribution parameters trace a curve z = Φθ(t), so that210

Φθ : [0, tmax] −→M, ρθt = ρΦθ(t).211

For example, Φθ(t) = (mθ(t), vθ(t)) in one dimension. Here θ specifies the dynamics, whereas Φθ(t) specifies the212

population distribution at time t. We equipM with a metric, which makes continuity of this curve meaningful,213
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and assume that Φθ is continuous. We also assume that z 7→ ρz(B) is measurable for every Borel set B ⊂ Rd.214

This measurability requirement holds, for example, when z 7→ ρz is weakly continuous.215

We denote the probability distribution of Φθ(T ) by Γθ, called the occupation measure:216

Γθ = (Φθ)#ν, Γθ(B) = ν{t : Φθ(t) ∈ B}, (2.6)217

where ν is the sampling-time distribution, # denotes the pushforward, and B ⊂M is any Borel set.218

Proposition 2.6 (Conditional global identifiability). Let ν be a known probability distribution of time with full219

support on the interval [0, tmax]. Let220

Θz0 = {θ ∈ Θ : Φθ(0) = z0}, ρz0 = ρ0221

be the admissible family with a common known initial point. Suppose:222

(i) (Mixture identifiability) For every θ, θ′ ∈ Θz0 , G(θ) = G(θ′) implies Γθ = Γθ′ .223

(ii) (Nonrecurrence) For every θ ∈ Θz0 , the parameter map Φθ is continuous and injective on [0, tmax].224

(iii) (Trajectory identifiability) For every θ, θ′ ∈ Θz0 , Φθ(t) = Φθ′(t) for all t ∈ [0, tmax], implies θ = θ′.225

Then G(θ) = G(θ′) implies θ = θ′, for any θ, θ′ ∈ Θz0 .226

227

Idea of the proof Condition (i) recovers the occupation measure Γθ, and hence its support, the curve traced228

by Φθ. By condition (ii) this curve does not revisit any point, so it is a simple arc, and the shared starting point229

z0 orients it. Each point on the arc can then be assigned its visiting time from the mass that Γθ places between z0230

and that point: for uniform sampling, this mass is t/tmax at Φθ(t); for general ν, it is the cumulative probability231

ν([0, t]). This recovers the time parametrization t 7→ Φθ(t) without assigning a time to any observation, and232

condition (iii) then identifies the dynamical parameters. The full proof is in Appendix A.6.233

The following remarks explain the role of each assumption.234

Remark 2.7 (On assumption (i): mixture identifiability). Assumption (i) asks that the mixing measure Γθ on235

M be recoverable from the pooled mixture G(θ). For general nonparametric infinite mixtures this is notoriously236

hard [1, 2] and remains largely open. Recent work by Le et al. [20] gives negative results that point to a funda-237

mental difficulty: in broad classes, including Gaussian location–scale mixtures, distinct mixing distributions can238

produce the same mixture. We therefore retain mixture identifiability as an assumption, to be established for the239

model at hand.240

Remark 2.8 (On assumption (ii): nonrecurrence). Assumption (ii) asks that the parameter map Φθ : [0, tmax]→241

M be injective: no two distinct times visit the same point in parameter space. This fails whenever the dynamics242

produces a periodic or stationary trajectory inM. For the linear Gaussian SDE, important failure modes include243

rotational recurrence, where the mean and covariance together repeat, and equilibrium degeneracy, where the244

initial distribution is a fixed-point of the SDE, making Φθ constant. Note that nonrecurrence is a condition on245

the occupied moment curve as a whole, and is logically independent of the auto-rotational invariance condition246

of [12], which concerns identifiability of parameters from ordered marginals.247

Remark 2.9 (On assumption (iii): trajectory identifiability). Assumption (iii) is the usual identifiability problem248

with temporally resolved observations. Assumptions (i)–(ii) recover the anchored trajectory t 7→ Φθ(t) from the249

pooled distribution; Assumption (iii) asks whether that trajectory determines θ. For linear Gaussian SDEs this250

is the separated-marginal problem addressed by [12], while for gradient-flow SDEs the analogous result is given251

by [11].252
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2.4 From identifiability to estimation in practice253

We have discussed identifiability of parameters under a continuous sample-time distribution as in 2.1. In appli-254

cations, however, data are finite samples, often collected at finitely many times, and the snapshot distributions255

need not be Gaussian. We now discuss what the results imply in general settings, and how they motivate the256

estimation procedure used in Section 3.257

Remark 2.10 (Finitely many sampling times). On a finite grid, if the Gaussian components in GK(θ) =258

1
K

∑K
k=1N (mθ(tk), Cθ(tk)) are distinct and nondegenerate, finite Gaussian-mixture identifiability [30, 35] recov-259

ers the unordered component set. If the components admit a unique ordering compatible with the known initial260

point z0 and the assumed dynamics, the ordered trajectory on the grid follows. However, in general, the con-261

tinuous identifiability result does not transfer automatically: recovering (A, b,D) from finitely many snapshot262

moments needs the grid to resolve the dynamics without aliasing, and [12] show that discrete sampling of a rotat-263

ing system produces Nyquist aliasing, which is why their identifiability results are stated for continuously observed264

marginals. Theorem 2.5 assumes uniform continuous sampling and supplies no finite-grid guarantee.265

The general identifiability argument may appear to suggest a pseudotime learning approach: recover the com-266

ponents, order them by the known initial condition, and fit the dynamics. We clarify that this is not necessary.267

The identifiable object is the occupation measure Γθ, which determines the one-dimensional curve structure of268

the snapshot parameter map without assigning a time coordinate to any individual observation. The situation269

is analogous to an ordinary Gaussian mixture: identifiability recovers the component distributions, but the label270

of each individual sample in overlapping regions need not be recovered and may remain ambiguous. Here the271

latent times Ti are nuisance variables, not inferential targets.272

Assuming that the pooled forward map θ 7→ G(θ) is identifiable for the model class at hand, we fit the dynamical273

parameters by matching the full observed and simulated pooled distributions, rather than a finite set of moments,274

whose use in Theorem 2.5 is restricted to linear SDEs with Gaussian snapshots. Concretely, we minimize a275

population-level discrepancy276

D
(
ρ̂N , G(θ)

)
277

between the empirical pooled distribution and the model-implied pooled distribution, where D(P,Q) ≥ 0 with278

equality only when P = Q. Since G(θ) is generally not available in closed form, it is itself approximated by279

the empirical distribution of simulated particles (Section 3.2), and the objective computed in practice compares280

two empirical distributions. At the population level, global identifiability makes true θ0 the unique zero of281

θ 7→ D(P∗, G(θ)); local identifiability gives uniqueness of the zero only in a neighborhood. These statements do282

not alone establish convergence of a finite-sample optimizer. They hold for any such D, for example Wasserstein283

distances (for distributions with finite moments of the relevant order), the energy distance, or the maximum284

mean discrepancy below.285

The discrepancy D used in Section 3 is the kernel maximum mean discrepancy (MMD) [9]. For a bounded,286

continuous, positive-definite kernel k with reproducing kernel Hilbert space Hk, it is defined as287

MMDk(P,Q) = sup
∥f∥Hk

≤1

∣∣EP f − EQf
∣∣,288

the maximum difference in expectations over the unit ball of Hk. It can be computed as289

MMD2
k(P,Q) = E[k(X,X ′)]− 2E[k(X,Y )] + E[k(Y, Y ′)], (2.7)290

where X,X ′ have distribution P , Y, Y ′ have distribution Q, and all four are independent. The kernel is called291

characteristic if MMDk(P,Q) = 0 only when P = Q, so that MMD is a discrepancy of the above type; the292

Gaussian kernel is characteristic [9]. We use MMD because the expectations in (2.7) are straightforward to293

estimate and differentiate on mini-batches.294
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Section 3 discusses two approaches. One follows the pseudotime reading literally, assigning each Xi a soft295

responsibility for each stage and alternating between label recovery and parameter update in the manner of EM.296

The other bypasses label recovery entirely, comparing the observed pooled distribution with the model-implied297

one directly. The first is effective when snapshot distributions are well separated but can settle into incorrect298

assignments when they overlap, the system is near equilibrium, or the moment curve is periodic. The second299

targets the identifiable object of Theorem 2.5 and Proposition 2.6 directly and avoids this instability. We describe300

both next.301

3 Algorithms302

3.1 Gaussian hidden-assignment EM303

For the linear Gaussian model, the latent times Ti can be handled by a generalized EM procedure, analogous to304

what has been applied to discrete linear systems [15]. The E-step computes posterior responsibilities for snapshot305

membership. The M-step forms soft snapshot moments and fits the drift and diffusion parameters to the ordered306

moment sequence.307

Algorithm 1 Gaussian hidden-assignment dynamics inference

Require: Pooled observations {Xi}Ni=1, stage times t1 < · · · < tK

Require: Initial parameters θ(0) = (A(0), b(0), D(0))

1: for r = 0, 1, 2, . . . until convergence do

2: Compute model snapshot moments m
(r)
k = mθ(tk; θ

(r)) and C
(r)
k = Cθ(tk; θ

(r)).

3: Compute responsibilities

γ
(r)
ik =

N (Xi;m
(r)
k , C

(r)
k )∑K

ℓ=1N (Xi;m
(r)
ℓ , C

(r)
ℓ )

.

4: Compute soft snapshot moments

m̂
(r)
k =

∑
i γ

(r)
ik Xi∑

i γ
(r)
ik

, Ĉ
(r)
k =

∑
i γ

(r)
ik (Xi − m̂(r)

k )(Xi − m̂(r)
k )⊤∑

i γ
(r)
ik

.

5: Initialize ordering π ← id{1,...,K}.

6: repeat

7: for j = 1, . . . ,K − 1 do

8: Let π′ swap positions j, j+1 of π; refit Aπ, Aπ′ by least squares to the midpoint mean-difference

equation under each ordering, and let π′ replace π if the summed mean- and covariance-Lyapunov-equation

residual over consecutive pairs is smaller under π′ than under π.

9: end for

10: until no swap in the sweep reduces the residual

11: Fit θ(r+1) to the ordered soft moments (m̂
(r)
π(1), Ĉ

(r)
π(1)), . . . , (m̂

(r)
π(K), Ĉ

(r)
π(K)) using (2.4).

12: end for

13: return θ̂ and responsibilities γ̂.

The method is fast when the Gaussian model is correct. The local-search ordering procedure (Lines 6–10) is308

the practical locus of the failure modes in Remark 2.8: when components overlap, sit near equilibrium, or lie309

on a recurrent curve, the ordering is ambiguous and the M-step can lock onto a self-consistent but incorrect310

assignment. It also degrades when the snapshot laws are strongly non-Gaussian.311

Remark 3.1. The M-step of Algorithm 1 fits dynamics parameters from an ordered sequence of soft-assigned312

moments. This step can be replaced by any method that takes separated temporal marginals as input, such as313
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APPEX [12] or other temporal-snapshot estimators. The EM wrapper adds hidden-assignment handling on top314

of whatever separated-marginal method is used in the inner loop.315

3.2 Population-MMD simulator fitting316

Explicitly recovering the one-dimensional curve structure from finite samples is a difficult statistical problem in317

its own right [1, 2], even when the snapshot law family is known. The population-MMD algorithm sidesteps318

this by avoiding likelihoods and matching population laws directly [7]. Let ρ̂θtk be the empirical law of simulated319

particles at time tk. Assuming equal weights for each time point, the simulated pooled law is320

ρ̂θsim =
1

K

K∑
k=1

ρ̂θtk , (3.1)321

the simulated analogue of the pooled forward map GK(θ) of Remark 2.10. We minimize the squared MMD322

between ρ̂N and ρ̂θsim.323

Algorithm 2 Population-MMD dynamics inference

Require: Pooled observations {Xi}Ni=1, stage times t1 < · · · < tK

Require: Differentiable simulator with parameters θ

Require: Kernel k, initial parameters θ(0)

1: for r = 0, 1, 2, . . . until convergence do

2: Sample an observed mini-batch B ⊂ {Xi}Ni=1.

3: Sample initial simulated agents and Brownian noise variables.

4: Simulate the agent system forward and collect particles at t1, . . . , tK .

5: Form the simulated mixture 1
K

∑
k ρ̂

θ
tk
.

6: Compute the mini-batch loss

L(r) = MMD2
k

(
ρ̂B,

1

K

K∑
k=1

ρ̂θtk

)
.

7: Update θ by stochastic gradient descent.

8: end for

9: return θ̂.

Given observed data {Xi}Ni=1 and simulated particles {Yj}Mj=1 pooled over t1, . . . , tK , the expectations in (2.7)324

are approximated by sample averages,325

M̂MD2
k =

1

N2

N∑
i,i′=1

k(Xi, Xi′)−
2

NM

N∑
i=1

M∑
j=1

k(Xi, Yj) +
1

M2

M∑
j,j′=1

k(Yj , Yj′).326

In practice, we compute gradients by automatic differentiation and optimize the mini-batch objective with327

stochastic first-order methods [3, 28]. In all experiments, for MMD, we use a Gaussian kernel k(x, y) = exp(−∥x−328

y∥2/2h2) with bandwidth h set by the median pairwise-distance heuristic on the pooled observations, and random329

Fourier features are used to approximate MMD on mini-batches [27].330

4 Numerical experiments331

We evaluate the pooled-law inference framework in three settings. First, we use two-dimensional linear Gaus-332

sian SDEs, where the snapshot laws are available in closed form and the ground-truth drift matrix is known.333

This setting lets us compare direct population matching (Algorithm 2) with a hidden-assignment EM base-334

line (Algorithm 1) under controlled identifiable and non-identifiable regimes. Second, we study a position-only335
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Table 1: Linear-Gaussian test regimes. All cases use K = 10 uniformly spaced sampling times in the stated window,

with equal spacing from t0 = 0, and known initial law X0 ∼ N (m0, ν0I).

Regime Drift matrix A m0 ν0 [t1, tK ]

Damped rotation

(
−0.05 −3.93
3.93 −0.05

)
(0.5, 0) 0.004 [0.135, 1.35]

Stable linear drift

(
−1.10 0.50

0.10 −1.30

)
(2.2,−2.0) 0.005 [0.11, 1.10]

Growing spiral

(
0.30 −2.90
2.90 0.30

)
(0.55, 0) 0.002 [0.308, 3.08]

Long rotation (aliased)

(
−0.03 −3.93
3.93 −0.03

)
(1.0, 0) 0.004 [0.34, 3.40]

interacting-particle system, where snapshot densities are unavailable and inference must be carried out through a336

differentiable simulator. This experiment demonstrates that the same population-MMD principle applies beyond337

Gaussian closure and linear dynamics. Finally, we apply the method to single-cell gene-expression data, one of338

the motivating biological settings for pooled-snapshot inference.339

Across the simulations, the population-MMD method (Algorithm 2) receives only pooled observations and340

matches the empirical pooled distribution to a model-implied mixture of snapshot laws, without assigning a341

stage label to any observation. The sampling grid and initial population law are assumed known; the hidden342

variables are the realized stage labels of individual observations. The hidden-EM baseline, used in the linear343

Gaussian experiments, receives the same pooled observations but explicitly introduces latent stage assignments344

before fitting the dynamics. In the interacting particle experiments, where Gaussian mixture responsibilities and345

closed-form moment updates are unavailable, we compare pooled population-MMD with simulator-based diag-346

nostic baselines. The single-cell experiment is used as a real-data illustration: per-cell stage labels are withheld347

from the pooled estimator, and the resulting gene-regulatory ranking is compared with published gene regulatory348

network benchmarks.349

4.1 Linear stochastic agents350

We first consider two-dimensional linear additive-noise SDEs351

dXt = AXt dt+ σ dWt,352

with known initial law. This setting provides a controlled testbed in which the snapshot laws are Gaussian353

and the ground-truth drift matrix is known, while still allowing the direct population-matching method to be354

implemented through the same simulator-based procedure used in the nonlinear experiments.355

We use four regimes: damped rotation, stable linear drift, growing spiral, and a long rotation designed to create356

temporal aliasing after pooling. Table 1 lists the parameters. The damped rotation is observed for less than one357

period, while the long rotation is observed over two periods and therefore makes temporal traversal ambiguous358

from the pooled law alone.359

For each regime, observations are generated at the K = 10 sampling times and then pooled. The pooled methods360

do not observe the sampling-time labels. We vary361

σ ∈ {0.02, 0.04, 0.08, 0.12, 0.16},362

use 1000 observations per stage, and average over 10 random seeds. Population MMD uses mini-batches of size363
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128, 96 simulated particles, 192 random Fourier features and 400 gradient steps. The known-time oracle is fit364

for 400 steps.365

We now compare the two algorithms proposed in Section 3. Population MMD (Algorithm 2) simulates particles366

forward using Euler–Maruyama with step size 0.01, pools the simulated snapshots at t1, ..., tK with equal weights,367

and matches the result to the observed pooled population by MMD. The time grid is known, but per-observation368

time labels are hidden; no pointwise matches or stage assignments are used. Hidden EM (Algorithm 1) instead369

introduces soft latent stage assignments and alternates between estimating these assignments and refitting the370

linear Gaussian dynamics from the resulting soft moments. Both pooled methods are initialized from the same371

label-free ordered-moment estimate. The known-time oracle receives the true stage groups, but not individual372

trajectories, and fits the Gaussian moment equations from empirical per-stage moments. To examine sensitivity373

to the assumed sampling-time distribution, we also fit population MMD assuming T ∼ Unif[0, tK ], while the374

data remain generated on the ten-point grid. All other settings, including the initialization, match the grid-based375

fit.376

Figure 2 summarizes the results. Each row corresponds to one regime. Columns 1 and 3 show observed snapshots377

together with fitted mean trajectories at the smallest and largest diffusion levels, σ = 0.02 and σ = 0.16, while378

columns 2 and 4 show the corresponding uncolored pooled inputs available to the pooled estimators. The right-379

most column reports the Frobenius drift error ∥Â − A∥F as a function of σ, averaged over 10 random seeds.380

Stage colors are used only for visualization and are not observed by the pooled estimators.381

The known-time oracle provides a best-case reference because it is given the true temporal grouping. Since the382

pooled methods observe only the samples, without their sampling times, their drift errors are expected to exceed383

the oracle’s at a given sample size. The central comparison is therefore between the pooled methods: population384

MMD and hidden EM. In the identifiable regimes, population MMD is consistently more stable than hidden EM385

as diffusion increases. Hidden EM matches population MMD only in the linear case at low to moderate noise,386

where the snapshots are sequential and disjoint, so stage assignment is unambiguous. In the rotation and the387

growing spiral, population MMD is more accurate even at the lowest noise level, and as noise grows, hidden EM388

degrades sharply in all three cases. Population MMD degrades more gradually in all three cases, consistent with389

its direct optimization of the pooled law without an intermediate label-recovery step. Appendix B, Figure 7390

shows the time labels recovered by hidden EM: they are accurate when snapshots are well separated but degrade391

as snapshot distributions overlap, and in the growing spiral they are assigned to the wrong times even at low392

noise. Assuming a continuous uniform time law instead of the true grid increases the drift error of population393

MMD in most identifiable cases, but the fit generally remains more stable than hidden EM as noise increases.394

The long-rotation case tells a different story. Both pooled methods fit visually plausible orbits at all noise levels,395

yet neither approaches the oracle: drift errors remain near 100–101 regardless of σ. This confirms the intended396

aliasing regime as anticipated by Remark 2.10.397

Finally, we also examine sensitivity to errors in the supplied initial law in Appendix B, Figures 8 and 9. In398

the linear regime, the drift estimate is nearly unaffected. In the rotation case, increasing the first coordinate399

of the supplied initial mean by one initial standard deviation roughly doubles the drift error, while the MMD400

between the fitted and observed distributions changes little. A plausible explanation is that the stable linear401

system attenuate errors, whereas in the rotation example, a shift in the starting position on the orbit may be402

partly compensated by changes in the fitted drift.403

4.2 Position-only interacting particles404

We next test the pooled estimator in a nonlinear simulator where closed-form snapshot densities are unavailable.405

Models of this type are commonly used to simulate collective-animal-behavior such as swarming and schooling [13,406
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Figure 2: Linear-Gaussian experiments, one row per regime. Columns 1 and 3: observed snapshots with fitted

mean trajectories at σ = 0.02 and σ = 0.16; columns 2 and 4: pooled inputs (stage labels hidden); column 5:

∥Â−A∥F vs. σ (log scale). Trajectory colors: black = true mean, green = population-MMD with discrete temporal

marginal, yellow = population-MMD with continuous temporal marginal, red dashed = hidden-EM, purple dotted =

known-time oracle. In identifiable regimes, population MMD is more stable than hidden EM as snapshots overlap;

in the long-rotation regime, a good pooled fit does not imply correct drift recovery (temporal aliasing).
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Table 2: Interacting-particle regimes. During fitting, κ and ℓ are fixed at their true values, while λ and σ are

estimated. All regimes use K = 5 snapshot times.

Regime κ λ ℓ σ snapshot times {tk}

Identifiable attraction 0.25 2.20 0.75 0.045 {0.20, 0.45, 0.70, 0.95, 1.20}
Weak broad attraction 0.34 0.45 2.75 0.045 {0.20, 0.45, 0.70, 0.95, 1.20}
Short-range clustering 0.06 3.20 0.33 0.035 {0.16, 0.32, 0.52, 0.76, 1.00}

21], where each agent represents the location of an animal. Agent i evolves according to407

dXi =

−κXi +
λ

N

N∑
j=1

exp

(
−∥Xj −Xi∥2

2ℓ2

)
(Xj −Xi)

 dt+ σ dWi.408

The first term is global contraction, while the second is finite-range aggregation. The observations are position-409

only: velocities are not observed, particle identities are not tracked across time, and the pooled estimator does410

not observe the stage label of any particle. The known initial population is used to initialize the simulator.411

We consider three regimes, listed in Table 2. In all regimes, κ and ℓ are fixed at their true values during fitting, and412

we estimate only the interaction strength λ and diffusion scale σ. This isolates whether the aggregation strength413

is recoverable from position snapshots. Each stage contains 500 observed particles. Results are averaged over414

ten random seeds. The simulator is integrated by Euler–Maruyama with step size 0.04, and the MMD objective415

is approximated using 192 random Fourier features and optimized for 300 gradient steps with mini-batches of416

size 250 and 128 simulated particles.417

Let Xi denote the pooled observations and let Zi ∈ {1, . . . ,K} denote the unobserved stage label. The pooled418

estimator minimizes419

Lpooled(θ) = MMD2

(
1

N

N∑
i=1

δXi
,
1

K

K∑
k=1

ρ̂θtk

)
,420

where ρ̂θtk is the simulated particle distribution at time tk. This objective uses only the pooled position cloud.421

We compare against two diagnostics. The first is a time-label oracle, which is given the stage membership Zi of422

each observation and minimizes423

Loracle(θ) =
1

K

K∑
k=1

MMD2

(
1

Nk

∑
i:Zi=k

δXi
, ρ̂θtk

)
.424

This oracle is not given particle identities, velocities, or trajectories; it only receives the otherwise hidden time425

grouping. The second diagnostic is a λ = 0 control, which removes the aggregation force and tests whether426

interaction is needed to explain the observed positional evolution.427

Figure 3 summarizes the experiment. The first column shows the stage-colored snapshots for evaluation. The428

second column shows the actual input to the pooled estimator: one uncolored pooled point cloud, together with429

the known initial population. The third column shows the fitted simulator from pooled MMD, and the final430

column reports the estimated interaction strength and final pooled MMD for the pooled fit, the time-label oracle,431

and the λ = 0 control.432

In the identifiable-attraction and weak broad-attraction regimes, pooled MMD captures the main stage-wise433

contraction and spread pattern and recovers λ close to its true value, with estimates near the time-label oracle434

(Figure 3, top panel of the last column). In both regimes, the λ = 0 control has substantially larger pooled435

MMD, showing that the attraction term leaves a detectable signature in the position snapshots.436

The short-range-clustering regime shows the complementary failure mode. Both the pooled estimator and the437

time-label oracle severely underestimate λ, and the λ = 0 control attains comparable pooled MMD to the438
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interacting fits. This is due to the near-equilibrium degeneracy of the initial condition, a known failure mode439

noted in Remark 2.8: at this parameter setting, strongly clustered snapshots can be explained almost as well440

by clustered initial data evolving with little or no interaction, and the interaction strength is therefore not441

identifiable from position-only snapshots alone, even when time stamps are provided.442

Figure 3: Position-only interacting-particle experiment, one row per regime. Column 1: stage-wise snapshots

(colors for visualization only); column 2: pooled input to the estimator (stage labels hidden, initial population

highlighted); column 3: simulated snapshots from the pooled-MMD fit; column 4: estimated interaction strength

and final pooled MMD for the pooled estimator, time-label oracle, and λ = 0 control.

4.3 Gene regulatory dynamics from real single-cell snapshots443

As a final illustration, we apply population-MMD to a single-cell gene expression dataset: qRT-PCR expression444

profiles of 45 transcription factors (TFs) in 960 THP-1 human myeloid leukemia cells collected after PMA-induced445

differentiation [19]. The data contain K = 8 collection times,446

t = 0, 1, 6, 12, 24, 48, 72, 96 hours,447

with 120 cells per time point and each cell observed once. We choose this dataset because its recorded collection448

times allow a direct comparison of inference with and without per-cell time labels: we withhold the per-cell449

stage label Zi ∈ {1, . . . , 8} from the pooled estimator, and compare against methods that use these labels. The450

15



estimator receives the pooled expression vectors and a discrete sampling-time grid with equal weights. The initial451

population is estimated from the t = 0 cells, using Gaussian moment estimates for the linear model and empirical452

resampling for the neural models. We additionally assess sensitivity to the sampling-time marginal by replacing453

the discrete distribution with a continuous uniform distribution over the same normalized observation window.454

The performance changes modestly under this replacement (Appendix Figure 10). This is one of our motivating455

biological settings: individual cells are destructively observed, and their position along an underlying biological456

process may be latent or unreliable. Each cell is a vector in R45, one coordinate per gene. The goal of gene457

regulatory network inference is to determine which coordinates drive the increase or decrease of which others:458

an edge j → i means that the expression level of gene j affects the rate of change of gene i, with a positive459

(activating) or negative (repressing) sign. In our setting, these dependencies are read off from the fitted drift460

and compared with an experimentally derived network.461

To visualize the 45-dimensional expression data, we show three pairwise projections of the leading three principal462

components in Figure 4. Cells from different collection times overlap in these projections, qualitatively resembling463

the overlapping snapshot distributions in the noisy linear-SDE examples. Such overlap illustrates why collection464

time need not uniquely specify expression state.465
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Figure 4: Observed THP-1 expression profiles projected onto PC1–PC2, PC2–PC3, and PC1–PC3. Each point

represents one cell, colored by collection time. All three projections use the same PCA fitted to the observed data,

including the initial population.

Drift models and GRN score We fit three drift/diffusion parameterizations by direct pooled-law matching466

(Algorithm 2), using uniform mixture weights:467

(i) a linear SDE,468

dX = (AX + b) dt+ σ dW,469

with a constant isotropic diffusion scale σ > 0;470

(ii) a two-layer fully connected drift model,471

dX = gθ(X) dt+ σ dW,472

again with a constant isotropic diffusion scale, where gθ is a two-layer fully connected network with tanh473

activation;474

(iii) the same two-layer fully connected drift model, but with state-dependent diagonal diffusion,475

dX = gθ(X) dt+ diag(σϕ(X)) dW,476

where σϕ : Rd → Rd
>0 is a second two-layer fully connected network with tanh activation and a softplus477

output map to guarantee positivity.478
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Thus the first two models use a single constant diffusion scale, while the third allows noise levels to vary with479

expression state and gene.480

For the linear model, the directed GRN score for genej → genei is |Aij |. For the neural drift models, the score481

is the cell-averaged absolute Jacobian of the drift,482

Ec

∣∣∣∣∂gθ,i(Xc)

∂xj

∣∣∣∣ ,483

representing the average effect of gene j on the rate of change in gene i across all observed cells c. The diffusion484

network in the third model is used only to fit the stochastic dynamics and does not directly enter the GRN score.485

In all cases, diagonal self-edges are excluded.486

These scores rank candidate regulatory interactions according to the sensitivity of the fitted drift. A larger score487

for genej → genei indicates a stronger local dependence of the modeled rate of change of gene i on gene j.488

Evaluation set We compare the resulting edge rankings against the regulatory network inferred from Matrix489

RNAi by [31], restricted to the 20-gene BCL6 subnetwork used in the SINCERITIES benchmark [25]. After490

excluding self-edges, the evaluation set contains 20 × 19 = 380 directed gene pairs, of which 68 (17.9%) are491

annotated as regulatory edges. AUROC and AUPRC are computed over these 380 directed pairs using edge492

existence only. These metrics summarize complementary aspects of the rankings. AUROC measures how consis-493

tently reference edges rank above non-edges across the full evaluation set, whereas AUPRC emphasizes recovering494

reference edges with high precision and is particularly sensitive to false positives near the top of the ranking [8].495

The main evaluation concerns unsigned edge rankings. We report signed evaluation in Appendix Figure 11.496

Results Figure 5 summarizes the fitted dynamics, and Table 3 reports the resulting GRN performance. In497

the PCA projection, the observed point cloud broadens along the differentiation process, indicating increasing498

heterogeneity at later stages. This changing spread is difficult for the constant-diffusion models to reproduce. The499

model with state-dependent diagonal diffusion better matches the breadth of the observed cloud that expands500

over time (purple to yellow), and this improved visual agreement is accompanied by the highest mean AUROC.501

Figure 5: Single-cell THP-1 differentiation expression profiles projected onto the first three principal components,

with simulated trajectories from the pooled models. Stage colors are held out during fitting and shown only for

visualization. Linear A = linear SDE; 2L-FC = two-layer fully connected drift; const diff = constant diffusion; 2L

diff = state-dependent diagonal diffusion network.

Table 3 reports the area under the receiver operating characteristic curve (AUROC) and the area under the502

precision–recall curve (AUPRC) for the pooled fits, with mean and standard deviation over 10 random seeds.503

Both metrics lie between 0 and 1, with larger values indicating better edge-ranking accuracy. We compare504

against the published unsigned GENIE3 and SINCERITIES results from [25] on the same 20-gene subnetwork.505

GENIE3 [16] is a time-free static baseline, while SINCERITIES is designed for this task and uses the per-cell506

temporal labels. All three population-MMD fits withhold those labels in the fitting objective.507

The pooled linear SDE reaches AUROC/AUPRC 0.63 ± 0.04/0.31 ± 0.06, improving over GENIE3 (0.46/0.23)508

but remaining below SINCERITIES (0.70/0.33). The nonlinear pooled models perform better: the two-layer509
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Table 3: Unsigned AUROC/AUPRC on the 20-gene BCL6 subnetwork (68 positive edges among 380 directed non-

self gene pairs). Our methods are fit by pooled population-MMD without using per-cell stage labels over 10 random

seeds. GENIE3 and SINCERITIES numbers are the published unsigned results from [25], Table 2, on the same

subnetwork and evaluation protocol.

Method AUROC AUPRC

GENIE3 (time-free) [16] 0.46 0.23

Linear SDE, pooled (ours) 0.63± 0.04 0.31± 0.06

Two-layer drift, pooled (ours) 0.71± 0.05 0.35± 0.05

Two-layer drift + diffusion net, pooled (ours) 0.75± 0.04 0.37± 0.04

SINCERITIES (uses per-cell time labels) [25] 0.70 0.33
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Figure 6: Top edges outgoing from genes MYB and PPARD from reference (first column) and our algorithms with

different models (second to fourth columns). Edge widths and opacity represent mean percentile ranks across all

380 evaluated gene pairs, using a common scale across panels.

drift reaches 0.71 ± 0.05/0.35 ± 0.05, and the two-layer drift with state-dependent diagonal diffusion reaches510

0.75± 0.04/0.37± 0.04. Both nonlinear models exceed SINCERITIES on both metrics, despite the latter using511

temporal information and a Granger causality-based methodology tailored for this task. Thus, on this benchmark,512

direct pooled-law matching with a flexible drift model gives regulatory rankings competitive with methods that513

use per-cell stage labels.514

In addition to the aggregated metrics, we visualize the outgoing regulatory rankings of MYB and PPARD, the515

two genes with the largest numbers of outgoing edges in the reference. Edge width and opacity in Figure 6516

indicate the mean percentile rank across 10 random seeds. In the linear model, edge weights are more evenly517

distributed across reference-supported and unsupported edges. The nonlinear models, particularly the model518

with state-dependent diffusion, tend to assign higher ranks to reference-supported edges (blue), shown as darker519

edges, and lower ranks to reference-unsupported edges (gray), shown as fainter edges. This pattern is consistent520

with their improved edge-ranking performance. For example, the reference-supported edges MYB→MAFB and521

MYB→PPARG receive higher ranks in both nonlinear models than in the linear model. Both nonlinear models522

also assign lower ranks to the reference-unsupported edges MYB→RUNX1 and PPARD→RUNX1, with the523

largest reductions in the model with state-dependent diffusion.524

The comparison shows that pooled matching alone is not enough: model flexibility matters. The linear pooled525
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model improves over a time-free baseline but does not match the specialized label-using method, whereas the526

nonlinear pooled models do. We therefore view this experiment as an illustration of the pooled-snapshot principle527

rather than a definitive GRN benchmark. The point is that biologically meaningful regulatory rankings can be528

recovered from pooled single-cell snapshots, without using per-cell stage labels in the fitting objective.529

5 Discussion530

This paper studies a trajectory-free inverse problem for stochastic agent systems: recovering dynamics from531

pooled population snapshots whose time labels are hidden. The central message is that the hidden observation532

time is often not the object one needs to learn. For linear Gaussian SDEs, pooled moments determine the param-533

eters locally for almost every parameter value. For general snapshot families, the occupation-measure argument534

recovers the time-parametrized snapshot curve whenever the pooled law identifies its occupation measure and the535

curve is nonrecurrent, with periodic and stationary dynamics as the transparent exceptions. Empirically, direct536

pooled-law matching recovers the drift in identifiable regimes, while a hidden-assignment EM baseline that recon-537

structs time labels is less stable as snapshot distributions overlap, showing that the intermediate time-recovery538

step can be a liability.539

The direct result for linear Gaussian SDEs is local and holds for almost every parameter in the admissible set.540

Global identifiability rests on mixture identifiability of the occupation measure, which remains open even for541

Gaussian snapshots [20]; the nonparametric mixture theory of Aragam et al. [1, 2] is a natural route. The result542

is also population-level: we do not quantify a statistical rate, nor give precise conditions for discrete observation543

and finitely many samples per marginal. Sharpening these, together with a characterization of nonrecurrence for544

nonlinear flows, is the main theoretical work left open.545

The algorithm also has its own limits. The simulator-based estimator matches pooled laws through a kernel546

discrepancy whose cost grows with the number of particles, snapshot times, and state dimension; scaling to large547

single-cell panels will need more efficient discrepancies and trajectory sampling procedures, and MMD could be548

replaced by entropic optimal transport or other high-dimensional objectives. Two practical limitations deserve549

note. First, different mechanisms can produce nearly identical pooled laws: as in the last examples for linear and550

interacting particle systems, a good distributional fit does not imply correct mechanistic recovery, and resolving551

this requires external knowledge of the plausible parameter regime. Second, when the model class is misspecified,552

pooled matching fits the wrong dynamics to the right marginals with no internal signal that the model form is553

inadequate; model flexibility must therefore be chosen with the underlying biology or physics in mind, as what554

we observed for the GRN example.555

Despite these limits, the results suggest that the pooled observation is a workable setting. Across synthetic linear556

systems, an interacting-particle model, and real single-cell differentiation data, dynamics learned directly from557

pooled population laws were competitive with estimators given the true observation times, without reconstructing558

per-observation labels. As destructive assays and high-throughput population measurements become the norm559

in biology and ecology, this perspective offers both a theoretical grounding and a practical path forward for560

data-driven agent-based modeling.561
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A Proofs for Section 2665

A.1 Regularity and analytic dependence of moments666

Proof of Lemma 2.4. The moment ODEs (2.4) are linear with constant coefficients, with closed forms667

mθ(t) = eAtm0 +

∫ t

0

eA(t−s)b ds, Cθ(t) = eAtC0e
A⊤t +

∫ t

0

eA(t−s)DeA
⊤(t−s) ds, (A.1)668

verified by direct differentiation. Both are entire functions of t, giving (a) by continuity on the compact interval669

[0, tmax]. For (b): eAt is invertible for every t, so the first term of Cθ(t) is C0 conjugated by an invertible670

matrix and hence ≻ 0; the diffusion D = ΣΣ⊤ ⪰ 0, so the second term is ⪰ 0; a strictly positive-definite671

matrix plus a positive-semidefinite one is strictly positive-definite. By Weyl’s inequality [14], t 7→ λmin(Cθ(t))672

and t 7→ λmax(Cθ(t)) are continuous, hence attain a strictly positive minimum s1 and a finite maximum s2 on673

[0, tmax].674

For a multi-index α = (α1, . . . , αd) with nonnegative integer entries, write |α| =
∑

i αi and x
α =

∏
i x

αi
i . Every675

Gaussian moment E[Xα
t ] is a polynomial in the entries of mθ(t) and Cθ(t). Formula (A.1) makes these entries676

analytic in the model parameters; the corresponding locally convergent analytic expansions are uniform on the677

compact time interval. Integrating against a fixed probability law ν preserves analyticity. All moments are finite678

22



by the same compact-interval bounds. The moment formulas also extend analytically to arbitrary symmetric679

C0, D, even when these matrices do not define probability laws. We use that extension only to construct a rank680

certificate at a degenerate limiting point.681

682

A.2 Reduction to a rank condition at one point683

Proof of Theorem 2.5. Fix m0, C0 and tmax. Equal pooled laws have equal moments, so it suffices to show that684

the pooled moments of degree at most 4d− 1,685

F (θ) =
(∫

xαG(θ)(dx)
)
1≤|α|≤4d−1

, (A.2)686

distinguish nearby parameters. By the inverse function theorem, this holds near θ whenever the following is true687

at θ:688

if a perturbation (δA, δb, δD) leaves every entry of F unchanged to first order, then δA = 0, δb = 0689

and δD = 0;690

that is, the Jacobian DF (θ) has full column rank pd = 3d(d+ 1)/2, the number of parameters.691

It is enough to verify this at a single parameter θ∗. Full rank at θ∗ means that some pd entries of F have a692

square Jacobian with nonzero determinant ∆(θ∗). Since F depends analytically on θ (Lemma 2.4), so does ∆,693

and a real-analytic function on a connected open set that is nonzero at one point vanishes only on a closed set694

of measure zero [23]. Full rank, and hence local identifiability, therefore holds on an open dense set U of full695

measure. In particular, the set of locally nonidentifiable parameters has Lebesgue measure zero.696

We verify the condition at one convenient point: by direct computation in one dimension (Appendix A.3), and697

with test polynomials in general dimension (Appendix A.4). Appendix A.5 moves the point to the prescribed698

initial law and horizon.699

A.3 The scalar case: three moments determine three parameters700

We first illustrate the argument in one dimension, where every step can be written out. Consider701

dXt = (aXt + b) dt+
√
DdWt, T ∼ Unif[0, 1].702

We compute at the noise-free point703

X0 = 0, a = 0, b = 1, D = 0,704

where the snapshot mean and variance are m(t) = t and v(t) = 0. This point is outside the positive-definite705

setting of the theorem. We use the analytic extension of the moments from Appendix A.1 to compute their706

derivatives there; continuity and rescaling in Appendix A.5 then give a full-rank point with the prescribed707

positive initial variance and positive diffusion.708

The pooled moments By (2.5), the first three pooled moments are709

µ1 =

∫ 1

0

mdt, µ2 =

∫ 1

0

(m2 + v) dt, µ3 =

∫ 1

0

(m3 + 3mv) dt.710
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How a perturbation moves them For a parameter direction (δa, δb, δD), differentiate the mean and variance711

equations ṁ = am + b and v̇ = 2av + D at this point. With the initial law held fixed, the first-order changes712

satisfy713

u′(t) = δa t+ δb, u(0) = 0, V ′(t) = δD, V (0) = 0.714

Thus715

u(t) := δm(t) = 1
2δa t

2 + δb t, V (t) := δv(t) = δD t.716

The term 2δa v vanishes because the baseline variance v is zero. Substitution into the three pooled moments717

gives718

δµ1 =

∫ 1

0

u dt = 1
6δa+

1
2δb,

δµ2 =

∫ 1

0

(2tu+ V ) dt = 1
4δa+

2
3δb+

1
2δD,

δµ3 =

∫ 1

0

(3t2u+ 3tV ) dt = 3
10δa+

3
4δb+ δD.

(A.3)719

Each moment adds information The pooled mean does not depend on diffusion. The second moment brings720

in the variance change, and the third weights that change by the mean, separating diffusion from drift. With721

columns ordered as (a, b,D), the Jacobian is722

J =

 1/6 1/2 0

1/4 2/3 1/2

3/10 3/4 1

 , detJ = − 1

720
̸= 0.723

Consequently, no nonzero parameter perturbation leaves all three moments unchanged to first order. This is724

the full-rank condition of Appendix A.2, using moments of degree at most 3 = 4d − 1. The higher-dimensional725

construction below starts from the same noise-free setting; Appendix A.5 supplies the common extension to726

positive diffusion and any prescribed nondegenerate Gaussian initial law.727

A.4 General dimension728

For d ≥ 2 the Jacobian is too large to compute explicitly as in Appendix A.3. We therefore verify the condition729

of Appendix A.2 using test polynomials, at a noise-free point where every snapshot lies on a known curve. As730

in the scalar case, this noise-free point is only a rank certificate: Appendix A.5 gives the common extension to731

positive diffusion, a prescribed nondegenerate Gaussian initial law, and the prescribed time horizon.732

The baseline model Take tmax = 1 and733

m0 = 0, C0 = 0, A = N, b = e1, D = 0,734

where Ni,i−1 = 1 for i = 2, . . . , d and all other entries of N are zero. This is the d-dimensional analogue of the735

scalar choice a = 0, b = 1 in Appendix A.3, to which it reduces when d = 1. Since (Nx)i = xi−1, the model736

reads737

ẋ1 = 1, ẋi = xi−1 (i = 2, . . . , d),738

so each coordinate integrates the previous one. Starting from the origin and integrating this chain one coordinate739

at a time gives x1 = t, x2 = t2/2, and so on. Because the initial state is fixed and there is no noise, every agent740

follows this same path,741

γ(t) =
(
t,
t2

2!
, . . . ,

td

d!

)
, (A.4)742

24



Here d is the state dimension; the ith coordinate has degree i, so the curve has degree d. This curve is also the743

snapshot mean mθ(t) at this baseline. Each snapshot is therefore a point mass at γ(t): all agents observed at744

time t sit at the same point. Pooling over T ∼ Unif[0, 1] spreads the observations along the curve; for d = 2745

this is the parabola arc x2 = x21/2, 0 ≤ x1 ≤ 1. The pooled moment of a polynomial φ is the average along the746

curve,
∫ 1

0
φ(γ(t)) dt.747

Two features of this choice are used below. Because N is nilpotent, eNt is a polynomial in t, so every quantity748

in the argument is a polynomial. And the coordinates of γ are distinct powers of t.749

How a perturbation changes the snapshots Fix a perturbation direction (δA, δb, δD) and consider the750

one-parameter family751

θε =
(
N + ε δA, e1 + ε δb, ε δD

)
,752

with snapshot mean mε(t) and covariance Cε(t); at ε = 0 these are γ(t) and 0. Write753

u(t) :=
∂mε(t)

∂ε

∣∣∣
ε=0

, V (t) :=
∂Cε(t)

∂ε

∣∣∣
ε=0

754

for the first-order mean displacement and covariance variation, respectively. We use the analytic extension of755

polynomial moments from Appendix A.1 when the perturbed diffusion is not positive semidefinite. Differentiating756

the moment equations (2.4), ṁ = Am + b and Ċ = AC + CA⊤ +D, with respect to ε at ε = 0, where m = γ757

and C = 0, gives758

u′ = Nu+ δAγ + δb, u(0) = 0, V ′ = NV + V N⊤ + δD, V (0) = 0, (A.5)759

Here the product rule gives δ(Am) = δAγ +Nu. Solving these linear equations with zero initial data gives760

u(t) =

∫ t

0

eN(t−s)
(
δAγ(s) + δb

)
ds, V (t) =

∫ t

0

eN(t−s) δD eN
⊤(t−s) ds.761

The terms δAC + C δA⊤ are absent from the covariance equation because the baseline covariance C is zero.762

Since (eNs)ij = si−j/(i− j)! for i ≥ j and zero otherwise, all entries are polynomials in t, with763

deg Vij ≤ i+ j − 1, deg ui ≤ d+ i. (A.6)764

Indeed, a summand in Vij contains powers (t − s)i−k+j−l with k, l ≥ 1; integration adds one to give degree at765

most i+ j − 1. A summand in ui contains (t− s)i−k times a polynomial of degree at most d in s, so integration766

gives degree at most d+ i.767

How the snapshot changes move the pooled moments For a polynomial φ, let ψ(m,C) := EN (m,C)[φ(X)]768

be its expectation under one Gaussian snapshot. By (2.1), the pooled moment is the time average of snapshot769

moments:770

Mφ(ε) :=

∫
φdG(θε) =

∫ 1

0

ψ
(
mε(t), Cε(t)

)
dt.771

Its first-order change is the derivative δ
∫
φdG :=M ′

φ(0), which is the Jacobian DF applied to the perturbation772

direction. We compute it in three steps.773

(i) Differentiate under the integral. The integrand is a polynomial in (m,C) (see (ii)) andmε, Cε depend smoothly774

on ε and t, so M ′
φ(0) =

∫ 1

0
d
dεψ(mε(t), Cε(t))

∣∣
ε=0

dt. By the chain rule,775

d

dε
ψ(mε, Cε)

∣∣∣
ε=0

= ∇mψ(γ, 0) · u+DCψ(γ, 0)[V ].776

Thus u and V are the inner derivatives in this chain rule; DCψ[V ] denotes the directional derivative in the777

symmetric covariance direction V .778
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(ii) The partial derivatives of ψ. For a polynomial φ, expand φ(m + Z) in its finite Taylor series, where Z is779

centered Gaussian with covariance C. The linear and all other odd-order terms have zero expectation, and the780

quadratic term has expectation 1
2

∑
k,l Ckl∂klφ(m). By Isserlis’ (Wick’s) theorem [17], terms of order at least781

four contribute products of at least two covariance entries. Hence782

ψ(m,C) = φ(m) + 1
2

∑
k,l Ckl ∂klφ(m) +

(
terms of degree ≥ 2 in C

)
.783

This formula also holds at C = 0, where the snapshot is a point mass and ψ = φ(m). Differentiating it at C = 0784

gives ∇mψ(m, 0) = ∇φ(m) and DCψ(m, 0)[V ] = 1
2

∑
k,l Vkl∂klφ(m). The sum is over all ordered pairs, so it785

accounts for both symmetric off-diagonal entries.786

(iii) Combine. Substituting (ii) into (i) at m = γ(t) and integrating over t,787

δ

∫
φdG =

∫ 1

0

[
∇φ(γ(t)) · u(t)︸ ︷︷ ︸

displacement

+ 1
2

∑
k,l Vkl(t) ∂klφ(γ(t))︸ ︷︷ ︸

spread

]
dt. (A.7)788

For example, φ(x) = x21 gives ψ = m2
1 + C11, so δ

∫
φdG =

∫ 1

0

(
2γ1u1 + V11

)
dt, as in the second row of (A.3).789

The strategy is to choose test polynomials that switch off one of the two terms, so that the diffusion and drift790

perturbations can be recovered separately.791

Test polynomials Any polynomial φ(x), x ∈ Rd, of degree at most 4d− 1 is a combination of monomials, so792

its pooled moment is a combination of the entries of F , and (A.7) applies to it. Suppose now that (A.7) vanishes793

for every such φ. We show that δD = 0, δA = 0 and δb = 0, which is injectivity of the Jacobian. Each step794

below makes one specific choice of φ and reads off what (A.7) then says. Both steps use the same mechanism:795

suitable tests give polynomial orthogonality identities, and testing a polynomial against itself forces it to vanish.796

We first eliminate diffusion so that the covariance term cannot contribute to the subsequent drift tests. This is797

the multidimensional counterpart of separating the drift and diffusion contributions in Appendix A.3.798

The test polynomials are built from the following functions. For i = 2, . . . , d let799

gi(x) = xi −
x i
1

i!
, ni(t) := ∇gi(γ(t)) = ei −

ti−1

(i− 1)!
e1.800

Since γi(t) = ti/i! = γ1(t)
i/i!, each gi vanishes on the curve: gi(γ(t)) = 0 for all t. Thus these functions detect801

departure from the curve. Two such factors will remove the mean-displacement term in Step 1; one factor will802

detect displacement transverse to the curve in Step 2(a). Also γ1(t) = t, so a factor p(x1) evaluated on the curve803

becomes p(t). We write δDij for the entries of δD, and use:804

Lemma A.1. If Q is a polynomial and
∫ 1

0
p(t)Q(t) dt = 0 for every polynomial p with deg p ≤ degQ, then805

Q ≡ 0.806

Proof. Take p = Q: then
∫ 1

0
Q2 dt = 0.807

Step 1: δD = 0 Fix i, j ≥ 2 and a polynomial p in one variable, and take808

φ(x) = p(x1) gi(x) gj(x).809

(a) The displacement term vanishes for this test. By the product rule, every term of ∇φ contains a factor gi or810

gj , so ∇φ(γ(t)) = 0 and this term of (A.7) is zero. (b) The covariance term gives polynomial constraints. In811

∂klφ, the only terms without a factor gi or gj are those in which one derivative falls on gi and the other on gj .812

Hence ∂klφ(γ(t)) = p(t)
[
(ni)k(nj)l + (nj)k(ni)l

]
, and, since V is symmetric, 1

2

∑
k,l Vkl ∂klφ(γ(t)) = p(t)Qij(t)813

with814

Qij(t) := ni(t)
⊤V (t)nj(t), degQij ≤ i+ j − 1815
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by (A.6). So (A.7) reads
∫ 1

0
p(t)Qij(t) dt = 0. Taking deg p ≤ degQij keeps degφ ≤ 2(i + j) − 1 ≤ 4d − 1, so816

Lemma A.1 gives Qij ≡ 0 for all i, j ≥ 2. The largest degree required here occurs at i = j = d, explaining the817

bound 4d− 1.818

It remains to see that these identities force δD = 0. From (A.5), V (t) = δD t + O(t2), and ni(t) = ei + O(t).819

Therefore:820

• The coefficient of t in Qij is δDij , so δDij = 0 for all i, j ≥ 2.821

• Integrating the first two coordinates of (A.5) gives822

V11 = δD11t, V12 = δD12t+
1
2δD11t

2, V22 = δD22t+ δD12t
2 + 1

3δD11t
3.823

Since n2 = e2 − te1, substitution gives824

Q22 = V22 − 2tV12 + t2V11 = δD22t− δD12t
2 + 1

3δD11t
3.825

The coefficients must vanish, so δD12 = δD11 = 0.826

• The only remaining entries are δD1j with j ≥ 3. With the entries identified above zero, V11 = V12 = 0 and827

V1j = δD1jt+O(t2), V2j =
1
2δD1jt

2 +O(t3).828

For the second formula, use V ′
2j = V1j + V2,j−1 and V2,j−1 = O(t2), since δD2,j−1 = 0, and integrate once829

more. Thus830

Q2j = V2j − tV1j = − 1
2δD1jt

2 +O(t3).831

The first-order coefficient had only detected δD2j ; the remaining entry δD1j appears at second order832

through the shift dynamics and the factor t in n2. Hence δD1j = 0.833

Thus δD = 0, and then V ≡ 0 by (A.5).834

Step 2: δA = 0 and δb = 0 Now V ≡ 0, so the spread term of (A.7) is zero for every φ, and (A.7) involves835

only the mean displacement u. We show u ≡ 0 in two parts, and then read off δA and δb.836

(a) The displacement lies along the curve. Fix i ≥ 2 and a polynomial p, and take837

φ(x) = p(x1) gi(x).838

On the curve gi = 0, so ∇φ(γ(t)) = p(t)ni(t), and (A.7) reads839 ∫ 1

0

p(t)Hi(t) dt = 0, Hi(t) := ni(t) · u(t) = ui(t)−
ti−1

(i− 1)!
u1(t), degHi ≤ d+ i.840

Taking deg p ≤ degHi keeps degφ ≤ d + 2i ≤ 3d ≤ 4d − 1, so Lemma A.1, now applied to Hi just as it was841

to Qij in Step 1, gives Hi ≡ 0, that is, ui = ti−1

(i−1)!u1 = γ′i(t)u1 for every i ≥ 2. Since also γ′1 = 1, this says842

u(t) = u1(t) γ
′(t): the displacement points along the curve.843

(b) The displacement vanishes. Part (a) still allows the snapshots to slide along the curve. To rule out this844

remaining tangential displacement, we choose a test whose variation is the integral of u21. Let P be a polynomial845

with P ′ = u1, so degP ≤ d+2 ≤ 4d− 1, and take φ(x) = P (x1). Then ∇φ(γ(t)) = u1(t) e1, so the displacement846

term is u1(t)
2, and (A.7) reads

∫ 1

0
u1(t)

2 dt = 0. Hence u1 ≡ 0, and u ≡ 0 by part (a).847

(c) Conclusion for the drift. Since u ≡ 0, also u′ ≡ 0, and the mean equation in (A.5) reduces to δAγ(t)+δb = 0848

for all t. The coordinates of γ are the distinct powers t, t2/2!, . . . , td/d! noted at the baseline construction, which849

together with 1 are linearly independent, so δA = 0 and δb = 0.850
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Conclusion A perturbation that leaves every pooled moment of degree at most 4d−1 unchanged to first order851

is therefore zero, so DF has full column rank pd at this point. The choices of p and P above depend on the852

perturbation; this is allowed because (A.7) was assumed to vanish for every polynomial within the degree bound.853

A.5 Moving the full-rank point to the prescribed initial law854

Appendix A.3 for d = 1 and Appendix A.4 for d ≥ 2 give full rank at the noise-free point855

m0 = 0, C0 = 0, A = N, b = e1, D = 0, tmax = 1,856

with N = 0 and e1 = 1 when d = 1. The following two steps work in every dimension and give an admissible857

full-rank point for the initial law N (m0, C0) and horizon tmax prescribed in Theorem 2.5.858

(i) Small changes keep full rank. The Jacobian depends continuously on C0 and θ, so a nonzero determinant859

stays nonzero nearby. Full rank therefore also holds at m0 = 0, C0 = D = ϵI, A = N , b = e1, tmax = 1, for some860

small ϵ > 0. Here we vary the initial covariance only to construct a full-rank point; the Jacobian is still taken861

with respect to the dynamical parameters.862

(ii) Changing variables keeps full rank. With LL⊤ = C0, the change of variables Ys = L−1(Xtmaxs − m0),863

0 ≤ s ≤ 1, turns the model with initial law N (m0, C0) and horizon tmax into one with initial law N (0, I) and864

horizon 1, with parameters865

Ā = tmaxL
−1AL, b̄ = tmaxL

−1(Am0 + b), D̄ = tmaxL
−1DL−⊤. (A.8)866

This map of parameters is invertible. An invertible affine state transformation also gives an invertible affine867

map of the moments of degrees 1 through 4d− 1 (the zeroth moment is the fixed constant 1), so the chain rule868

multiplies the moment Jacobian on the left and right by invertible matrices. Its rank is therefore unchanged.869

Applying (ii) to the point in (i), with L =
√
ϵ I, gives a full-rank point for N (0, I) and horizon 1; applying (ii)870

in reverse gives one for N (m0, C0) and tmax in every dimension. The argument of Appendix A.2 completes the871

proof.872

A.6 Recovery of the anchored curve from its occupation measure873

Proof of Proposition 2.6. Recall that Φθ : [0, tmax] → M records the snapshot descriptor at each time, and874

Γθ = (Φθ)#ν is its occupation measure, the distribution of Φθ(T ) for T ∼ ν. The argument proceeds in three875

stages: condition (i) recovers this measure; condition (ii), the common initial descriptor z0, and full support of876

ν recover the time parametrization; condition (iii) then identifies the dynamical parameters.877

Let θ, θ′ ∈ Θz0 and suppose G(θ) = G(θ′). Condition (i) gives Γθ = Γθ′ . By (ii), each Φθ is a continuous injection878

from a compact interval into the metric space M, hence a homeomorphism onto its image. Full support of ν879

implies that the support of its pushforward is exactly that image. Thus the two curves have the same image.880

Define h = Φ−1
θ ◦ Φθ′ : h(t) is the time at which the θ-curve visits the snapshot reached by the θ′-curve at time881

t. This is a homeomorphism of [0, tmax]. The common initial descriptor gives Φθ(0) = Φθ′(0) = z0, so injectivity882

yields h(0) = 0. Therefore h is strictly increasing. On the common image, equality of the occupation measures883

gives884

h#ν = (Φ−1
θ )#Γθ′ = (Φ−1

θ )#Γθ = ν.885

Consequently, with Fν(t) = ν([0, t]),886

Fν(h(t)) = ν([0, h(t)]) = ν
(
h−1([0, h(t)])

)
= ν([0, t]) = Fν(t).887
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Here monotonicity gives h−1([0, h(t)]) = [0, t]. Full support is used a second time to make Fν strictly increasing:888

for s < t, the nonempty interval (s, t) has positive mass. It follows that h(t) = t for every t. Thus the snapshot889

parametrizations agree, reducing identification to the known-time case, and condition (iii) gives θ = θ′.890

891

For uniform time, the equivalent subarc formula is t = tmaxΓ(Φθ([0, t])). Allowing atoms in the proposition does892

not permit arbitrary finite grids: a finite grid has no full support on an interval.893

B Additional results for linear stochastic agents894

B.1 Time labels recovered by hidden EM895

Hidden EM assigns each pooled observation a posterior probability rik of belonging to sampling time tk, computed896

from the fitted Gaussian snapshot laws with equal prior weights. We summarize these assignments by the897

posterior-mean time t̂i =
∑

k riktk and compare it with the true sampling time (Figure 7), for one dataset per898

regime at the lowest and highest noise levels.899

When the recovered times are accurate, hidden EM effectively fits the dynamics with known stage labels. In the900

stable linear case at low noise, times are recovered nearly exactly, and hidden EM is as accurate as population901

MMD (Figure 2). As noise increases and neighboring snapshot distributions overlap, the recovered times become902

less reliable. In the damped rotation, the time error increases from 0.078 at σ = 0.02 to 0.337 at σ = 0.16,903

together with a rapid increase in the drift error of hidden EM. In the growing spiral, the snapshot clusters are904

assigned to the wrong times even at low noise, consistent with the failure of hidden EM at every noise level. In905

the aliased long rotation, times are not recovered at either noise level.906

B.2 Sensitivity to the supplied initial law907

The theoretical results assume a known initial law, whereas in practice it must be estimated. To assess the effect908

of errors in this input, we generate data from the true initial law N (m0, ν0I) and fit population MMD with a909

perturbed supplied law, keeping the data and all other settings fixed. The supplied mean is shifted along the first910

coordinate by ±0.5 and ±1 initial standard deviations (
√
ν0 ≈ 0.06–0.07), or the supplied covariance is scaled911

by 0.5, 0.75, 1.5, or 2 with the mean held at its true value. The label-free initialization is recomputed with the912

supplied law. We consider the linear and rotation regimes at σ = 0.08 over 10 seeds.913

We report the errors in A, in σ, and in the rotation frequency ω = (A21 − A12)/2. We also report two squared914

MMDs of the fitted pooled law, computed with a Gaussian kernel whose bandwidth is set from the median915

pairwise distance of the observations: one against a fixed subset of the observed data (empirical), and one916

against the true data-generating mixture (population).917

In the linear regime (Figure 8), the drift and frequency errors are nearly unchanged under both perturbations,918

while the diffusion error increases with the size of the perturbation. In the rotation (Figure 9), the drift error919

increases with the mean shift, from 0.18 to 0.38 at a shift of +1 standard deviation and to 0.24 at −1, whereas920

covariance scaling has little effect. In both regimes, the pooled MMDs change little across perturbations.921

C Additional details and results for GRN inference922

We first provide some implementation details. Expression values are centered gene-wise without log transfor-923

mation or variance scaling. Models are fitted in all 45 gene dimensions; PCA is used only for visualization.924
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Figure 7: True sampling times (first and third columns) and posterior-mean times recovered by hidden EM (second

and fourth columns), at σ = 0.02 and σ = 0.16, for one dataset per regime. Colors within each row share the same

time scale. Red circles: draws from the known initial law. Panel titles report the signal-to-noise ratio and the mean

absolute time error.

Neural drift and diffusion networks have architecture 45 → 32 → 45 with tanh hidden activations and positive925

softplus diffusion outputs. We use Adam [18] with learning rates 0.02 for the linear model and 0.01 for the926

neural models, mini-batches of 128 cells, and at most 500 iterations with early stopping and gradient clipping at927

norm 20. MMD is approximated using 256 random Fourier features across Gaussian bandwidths h/4, h/2, h, 2h,928

where h is estimated by the median-distance heuristic. Linear moment equations are integrated by fourth-order929

Runge–Kutta; neural models use Euler–Maruyama with maximum step size 0.05 on the normalized time interval.930

Neural GRN scores are evaluated by averaging all 960 cells, and results are reported over 10 random seeds.931

Next, we report two supplementary evaluations of the THP-1 application in Section 4.3: sensitivity to the assumed932
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Figure 8: Sensitivity to the supplied initial law, stable linear regime, σ = 0.08. Top row: supplied mean shifted

in units of the initial standard deviation. Bottom row: supplied covariance scaled. Columns: errors in A, σ, and

rotation frequency; empirical and population pooled squared MMD. Dotted vertical line: correct initial law. Mean

± SD over seeds.

Figure 9: As in Figure 8, for the damped rotation regime.

sampling-time marginal (Figure 10) and signed edge evaluation (Figure 11). The modeling and validation setup933

are those of the main text, and results are mean ± standard deviation over the same 10 random seeds.934

Collection hours are rescaled to [0, 1]. Each figure compares three fits per model class. Pooled: grid is the main-935

text fit, whose sampling law places equal weight on the eight rescaled collection times. Pooled: uniform instead936

assumes T ∼ Unif[0, 1], which places more mass at late times than the grid does. For the neural models, times937

are drawn uniformly at each iteration, particles are integrated by Euler–Maruyama with steps ending exactly938

at the drawn times, and each particle is read off at one randomly assigned drawn time. For the linear model,939

particles are sampled from Gaussian snapshot laws whose means and covariances are computed numerically from940

the moment equations at the drawn times. Only the assumed time marginal differs between the two pooled fits.941

Known-time oracle fits the same model class by minimizing the average squared MMD between simulated and942

observed distributions at each collection time. It uses collection-time labels but requires no tracking of individual943

cells. It indicates what the time labels add and is not affected by the choice of time marginal.944

For signed evaluation, each directed gene pair carries two candidate labels, activation and repression; the label945

matching the reference sign is positive and all others are negative. A predicted edge assigns its unsigned score946

to its predicted sign and zero to the opposite sign. A correct edge with the wrong sign therefore yields a947
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Figure 10: Sensitivity of unsigned AUROC (left) and AUPRC (right) to the assumed sampling-time marginal on

the 20-gene BCL6 subnetwork. Pooled fits assume either the discrete collection grid or a continuous uniform law

on the same rescaled window; the oracle uses per-cell collection times. Mean ± SD over 10 seeds. Dotted line:

chance (0.5 for AUROC; fraction of reference edges, 68/380, for AUPRC).

missed positive and a scored negative. Two sources of predicted signs are compared. Drift Jacobian signs are948

sign(Aij) for the linear model and the sign of the cell-averaged signed Jacobian Ec[∂gθ,i(Xc)/∂xj ] for the neural949

models. Partial-correlation signs follow the convention of SINCERITIES [25]: signs are taken from partial950

correlations of the pooled expression data, here computed as ridge-regularized Pearson rather than Spearman951

partial correlations. These signs do not depend on the fitted model, so only the edge ranking differs across fits.952

Inferring regulatory signs is considerably harder than detecting edges. Among the twelve methods benchmarked953

in BEELINE [26], only five output signed networks, and recovery of activating and inhibitory edges among954

top-ranked predictions was generally poor. BEELINE also found that a large fraction of false-positive edges955

corresponded to indirect, length-two paths in the reference network. The fitted drift Jacobian describes a local,956

instantaneous sensitivity, whereas an experimental knockdown response may include indirect effects through957

other genes. Their signs therefore need not coincide. This distinction may contribute to disagreement with958

the reference, but does not establish that the fitted signs are correct. We therefore evaluate signed recovery959

separately from unsigned edge ranking.960
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Figure 11: Signed evaluation on the 20-gene BCL6 subnetwork. An edge is credited only if its sign matches the

reference. Top: signs from the fitted drift. Bottom: signs from partial correlations of the pooled data. AUPRC

is average precision. Mean ± SD over 10 seeds. Dotted line: chance (0.5 for AUROC; positive-label prevalence,

68/760, for AUPRC).
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